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Abstract 

We present an infinite set of higher equations of motion in = 2 supersymmetric 
LiouviUe field theory. They are in one to one correspondence with the degenerate repre- 
sentations and are enumerated in addition to the U{1) charge ui by the positive integers m 
or (m, n) respectively. We check that in the classical limit these equations hold as relations 
among the classical fields. 
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In ref.|l[] it has been shown that in the LiouviUe field theory (LFT) an infinite set 
of relations holds for quantum operators. These equations relate different basic Liouville 
primary fields Va{z) (Vq, can be thought of as normal ordered exponential field exp(Q;^) of 
the basic Liouville field (p). They are parameterized by a pair of positive integers (m, n) and 
are called conventionally "higher equations of motion" (HEM), because the first one (1, 1) 
coincides with the usual Liouville equation of motion. The equations are derived on the 
basis of a conjecture of the vanishing of all singular vectors, imposed by the requirement of 
irreducibility of the corresponding representation. They are easily verified in the classical 
LFT. Higher equations turn out to be useful in practical calculations. In particular, in 0- 
^ , they were used to derive general four-point correlation function in the minimal Liouville 
gravity. 

Similar operator valued relations have been found also for = 1 supersymmetric 
Liouville field theory (SLFT) and for SL{2, R) Wess-Zumino-Novikov-Witten model 
10,0 . Recently it was shown in that such relations hold for the boundary operators in 
the LFT with conformal boundary. 

It is the purpose of this note to reveal a similar set of higher equations of motion 
in = 2 SLFT. The N = 2 SLFT has a wide variety of applications in string theory 
p!0| - |T^ . This theory is quite interesting because of the fact that it has actually few 



properties in common with the = 0, 1 SLFTs. For example, unlike the Liouville theories 
with less supersymmetry, the N = 2 SLFT does not have a simple strong-weak coupling 
duality. In fact, under the change 6—7- 1/6 of the coupling constant, the N = 2 SLFT 



fiows to another N = 2 supersymmetric theory as proposed in [|13| , P^ . Another important 
difference between the N = 2 SLFT and the = 0, 1 SLFTs is the spectrum of the 
degenerate representations |1T5| - |T7[] (see also [1T8|JT9|] ). We will show below that the N = 2 



SLFT still possesses higher equations of motion despite these differences. 

A^ = 2 SLFT 

The N = 2 SLFT is based on the Lagrangian: 

2n' ' {I) 

1 



where {(p^^tp^) are the components of a chiral N = 2 supermultiplet, b is the couphng 
constant and fu, is the cosmological constant. It is invariant under the N = 2 superconformal 
algebra: 

[Lm, Ln] = (m - n)Lm+n + J^i"^^ ' m)5m+n, 
[Lm 5 ] = ^ G^m+r ' [^rn G^ ] = ±G^_^_^ , 

c / 1\ (2) 
{G'+ GJ} = 2L,+, + (r - s) J,+, + 3(^-4) '^r+s, 

where L^, and Jn are the modes of the corresponding conserved currents, the stress- 
energy tensor T{z), the super-current G{z) and the U{1) current J{z), and the central 
charge is: 

6 

^ = 3 + ^- 

These are the left handed generators, there are in addition the right handed ones L^, J^, 
G^ closing the same algebra. 

The basic objects are the primary fields (normal ordered exponents): 

AT _ — „acj)++a(j}^ 
' a,a ^ : 

the corresponding states being annihilated by the positive modes. These are the primary 
fields in the Neveu- Schwartz (NS) sector with r, s in (0) half-integer. There are in addition 
also Ramond (r, s - integer) primary fields Ra,a but we will not be concerned with them 
in this paper. The conformal dimension and the U{1) charge of the primary fields are: 

Aa,a = -aa + 777(a + a), uj = ]-{a-a). (3) 

2b b 

Among the primary fields there is a series of degenerate fields of the N = 2 SLFT. 
They are characterized by the fact that at certain level of the corresponding conformal 
family a new primary field (i.e. annihilated by all positive modes) appears. Such fields 
can be divided in three classes (see e.g. |T^ ). 

Class I degenerate fields are given by 

^ 1 — m , ,6 _^ 1 — m , ,6 (^) 
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m, n are positive integers. ^ is degenerate at level mn and relative U{1) charge zero. 
The irreducibility of the corresponding representations is assured by imposing the null- 
vector condition D'^^^N^^^ = 0, -D^^A^^^^ = 0, where -D^ .„ is a polynomial of the 
generators in of degree mn and has U{1) charge zero. It is normalized by choosing the 
coefficient in front of (L_i)"^"^ to be 1. Let us give some examples of the corresponding 
null-operators: 

Z OJ — L 2 2 



_ ; 
2 



h2 

Di,2 = L\ + 6'L_2 - 6^(1 -f a;)L_i J_i + - {l + uj -h'{2 + u)) J_2 + 



4 U! — 2 2 2 U — 2 2 2 

2 ~2 ~2 2 OJ — 2 ~2 ~2 

^2,1 = ^-1 + ^^-2 - + J-1 + ^ (6^(1 + c^) - a; - 2) J_2 + 

-tV — itjr 1 — — T" r) / TT ^ 1^ 3 ~r 



(5) 



64(a;- 1)2-1 2 + 262(a;-l) 

2 - 62 + 64(0; -1) (1 + 62(^ + 1)) ^^ 

2(64(a;- 1)2-1) ^-s^-^- 



2 2 
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The second class of degenerate fields is denoted by and comes in two subclasses 
IIA and IIB: 



class IIA : A^;;^ = N^>. ^^o a; > 

class IIB : A^^ = A^aO,,a- ^ < 



(6) 



where 



^ 1 — m , _^ 1 — m , ,_, 
= + <^b, = ujb. (7) 

Here m is an odd positive integer number and the level of degeneracy of A^^ is ^, relative 
charge ±1. In this case the operator is a polynomial of "degree" m/2, the coefficient 

m — 1 

in front of L_l G_i is chosen to be 1. Analogously to the class I we have to impose 

2 
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^m^m = ^m^m = 0- Here are the first examples for class IIA fields: 



3 ; 
2 



2 y 0^ / 2 2 2 

2~2~2~2 0^ /~2 



(8) 



The null-operators for class IIB fields are obtained from (^) by changing G^ — )■ G^ and 
a; — i- —u. 

A special case of Class IIA (B) fields are the chiral (antichiral) fields with m = 1. 
The Class II fields having U{1) charge zero are classified in a separate Class III fields. The 
simplest m = 1 field here represents the identity operator. 

Norms of the null-states 

Let us now consider, for a further use, the norms of the states created by applying 
the null-operators on primary states \a). As explained above, such sates should vanish at 
a = a^. Taking the first terms in the corresponding Taylor expansion, we define: 

rM = 9a{a, a\D'^ D'^la, a)\a=a%j,a=(i'^^,j: 

r%i = aa(Q!,a|L'^/L';i^^|a,a)|a=aX„a=aX, 
for both classes of representations, M = m or {m,n), where is the corresponding 
null-operator and D^j is defined as usual through Lj^ = L_„, = J_n, (C^)^ = G^^. 

One can compute "by hand" the first few r's. With the use of the explicit form of the 
null-operators (|^) we find for the class I fields: 
1 + 



r 



r 



^'^"6 (-1 + ^) ' 

_ -2 (l-6^)(l + 6^)(l-f26^)(2 + a;) 
h (-2 + a;) 

12 (1 - 26^)(1 - h^){l + + 26^)(1 + 36^)(3 + u) 
h (-3 + w) 

2 (1 - + 6^)(2 + + 9 + 6^a;)(l + 6' + 9uj) 

12 (2 - - + 62)(2 + 62^(3 + + uj){-2 + 6^ + h''uj){2 + + b^uj) 



To 1 = 



and r'^^n — '^'rn,n ^ examples above. Based on these expression we propose for the 
general form of ^: 



n n G--) n i^r^.)- (-> 

l=l-mk=l-n ^ ' l=l-m, mod 2 ^ ^ ^ 



Similarly, from (^) we have for the class IIA: 



= 1(2- b^uj)(3 - b^uj)(2 - 

= A(3 _ 52^) (4 _ 52^) (5 _ 52^) (3 _ 52 _ ^2^^ ^4 _ ^2 _ ^2^^^ 
72 

= _(4 - 52^) (5 - b^u){6 - b^u){7 - b^u){4: -b^- b^u){5 - b^ - b^u){6 - b^ - b^u), 
r^ = 0, m = 1,3, 5,7. 

These expressions can be fitted in a general form of and f^: 



r"^ =0 



r 



/_ m + l ^ ' 7 7 

'~ 2 2 



For the class IIB fields one obtains = and is as in (|TT|) with the change u — > — tu. 

Logarithmic fields and HEM 

Let us now introduce the so called logarithmic fields. They are defined as: 

One can introduce also the logarithmic primary fields corresponding to degenerate fields 
by: 

where M is (m, n) for class I and M is m for class II fields respectively. The basic statement 
about the fields (|12|) is that 

Nt, = Dl,Dl,N'l,, = D-^D-^N'l (13) 
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with D'^, as in (H), (||) are again primary. The proof of this statement goes along the 
same hnes as for = 0, 1 SLFT ([|ll,0) so we wiU not repeat it here. 

Comparing the dimension and U{1) charge for class I fields: Am,n = A^^^+mn, u = u 
we conclude that the fields ( p!3|) are proportional to iV^ Thus, we arrive at the higher 
equations of motion (HEM) for the class I fields: 

m,n m,n m,n m,n m, — w m,n m,n m,n m,n m,—n' \ / 



For class II A (B) the dimension of the resulting primaries in ( |T3[) is A':^ = + ^, 
the U{1) charges are ui = ui + 1 {ui = ui — 1) respectively, and the HEMs in this case are: 

f)'^ A^''^ — R'^ A^'^ii n''^ — r^ n^^^ (^ K\ 



Computation of (5^,n) and Bl;^ (B^) is the final goal of this note. HEMs (|T|) and 

( ITsD are to be understood in an operator sense, i.e. they should hold for any correlation 
function. Here we will insert them into the simplest one-point function on the so called 



Poincare disk 2C . In this case we have: 



{B,\D%,D-^Nj;^) = {B,\N^,), {B^\D%,D-^N^,) = {B^\N,,). 

The boundary state {Bi\ corresponds to the identity boundary conditions on the Poincare 
disc. It enjoys N — 2 superconformal invariance: 

{Bi\Gt = -i{B^\Gl^ = -i{Bi\{Gt)\ {B^\L^,= {B^\{L^)\ {B^\J^ = (Si|(J^)t. 

(so called A-type boundary conditions, see e.g. pT[]). 

With the definition of r's in fpl) the HEMs fill) and flTsD take the form: 



r'^,nUi{m,n]ui) = B^ Ui{m,-n;uj), 

(16) 

r^,nUi{m,n;uj) = B^^^Ui{m, -n;uj) 

for class I, and 

r^Ui{m,ui) = iB^Ui{m,uj±l), 

(17) 

f^Uiim.u) = iB^Uiim.u ±1) 

for class II. Here Ui is the one-point function for "identity boundary conditions" of the 
corresponding field. In (|1^ the factor i's appear because the class II null-operators are 
fermionic, and + (— ) refers to class IIA (IIB). 
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The one-point function on the Poincare disk for identity boundary conditions in = 2 
SLFT was obtained in [113 and has a general form: 



T{l-ab)Til-ab) 



With the specific values (§) the ratio of one-point functions of class I fields then is: 



n^~^ fl + in- u)b'^ 



1=1 — m, mod 2 

and for the HEM coefficient we obtain: 

= =r^ f/i(m,n;w) 

m,n m,n m,n 



l-{n + ui)b'^ 



Ui{m, —n; u) 



7(^-(n + a;)f)^^^: 

where we impose that (/c, /) = (0, 0) is excluded in the product. 
Analogously for class II A fields: 

rm-l I I 



t/i(m,a;-t-l) ^ EI" in±i - 
and 

'~ 2 

For class IIB B and S are exchanged and u is replaced by —u. Equalities ([T8|) and (|T9| ) 
are the main results of this paper. 

Classical limit 

In the classical limit 6—7-0: 6^ — )■ v?, —f ip, Tviib^ — )• M the Lagrangian C 2^"^- 
The corresponding equations of motion are given by 

4- „ (20) 
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The holomophic currents 

are conserved by dT = dS^ = dJ = on the equations of motion and similarly for the 
antiholomorphic ones. One has to introduce also the generators of = 2 supersymmetry 
and G^: 

G^^^ = iV2ij^, G^^^ = 

(22) 

G^ip^ = iV2tP^, G^ip^ = 

obeying the algebra: 

{G+,G-} = 2d, {G^,G^} = {G^,G^} = 0, 

(23) 

{G+,G-} = 2d, {G,G} = 0. 

For the class IIA fields only the chiral fields, = e^'^'^^ , has a classical limit. Their 
HEMs take the form: 

G+,G+,(j)+N^ = 0, G+,G+,(p-N^ = S5^iVj^+\ 

2 2 2 2 



where = —2nifib can be read from ([19|) . In the classical limit along with the analogous 



HEMs for class IIB anti-chiral fields with ui = 0, these become: 



Together with (^2]) and the algebra (|23| ) these relations encode the equations of motion 

From the class I fields only the series A^i^„ has a classical limit, the simplest "classical 
null-operators" being: 

^ (jj -L 

L>^f ) =d^-(u + l)Jd --(uj + 2)dJ + -uiu + 2) J2 + ^—G+G-a —JG+G-- 

-U-G+ + -^S+G-. 
2 2u-2 



It is easy to check, using the algebra (p3D and the exphcit form of the currents (21), that 
the classical expressions of the corresponding null-vector conditions is: 

1,2 

The same is of course true also for D^^-^^\ D'^^2^\ Then, with the help of and the 
equations of motion (|20|), we find that the classical HEMs then take the form: 

a; + 1 



^^(cO^^(cO^±g(i(c.-l)<^+-i(c.+l)<^-) _ ^ + \ ^^2^(l(c^ + l)^+-l(c^-l)<^-) 
' ' UJ — 1 

^<^(^cO^^M)^±g(i(^-2)<^+-i(c^+2)<^-) ^ _25li±lj\4-4g(i(^+2)<^+-i(c^-2)^ 



This is in a perfect agreement with (14) if we take into account that the classical limit, 
6 ^ 0, of = B^^ from (0) is: 

Bir. ^ (-l)"+'^^^n!(n - 1)! b-\n^bY'"- 
u - n 

To conclude, we presented relations among primary fields, the higher equations of 
motion, in = 2 super symmetric Liouville field theory. We stress that, since in general 
the null-vectors of this theory are unknown, our results ([T^) and (|T^) should be understood 
as a proposal. Also, we were concerned in this note with primary fields from the NS sector 
only. Since the Ramond sector in = 2 SLFT is not very different, in particular the 
degenerate fields fall into the same classes, we expect that very similar HEMs hold for 
them too. 
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